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4. Gradient Descent (GD) 7. Structural Constraints on the Error
° SMCP as unconstrain €d non-convex Optimization Structural properties of the error matrix Structural properties of the error vector
Positi definite (PSD) rank M € RPX E=XX"-M e = vec(E) = vec(XXT — M)
* Positive semidefinite rank-r matrix M € 1 e
P P ) <+ T 2 o Zi; if (i, ) € Q, B B
1 : : 1 e« M=XXT whereX € R™¥" XIEI]}RI%T 4 ”P_Q_ (XX M)”F Pa(Z)]i; {O otherwise. 1. E=ET 1. e=Pe
5 5 6 5 * Sampling set () with cardinality s | y ‘ 2 BRM+E)=M+E, - 2. e=Pe+0(|el?)
’ : e Ois symmetric! f(X) * where P, is the projection onto the set of 3. Negligible effect
rank-r matrices
P 6 P ) Algorithm 1 (Non-convex) Gradient Descent | = e =P Pe+0(llell?)
H a In t. X{) P (M) 3. M + E is PSD —
find M;; for (i, ) € QF Op“ P PO P
5 utput: { X"} ~
1 . 2 1 given rank(M) <r 1: fork=0,1,2,...do AN )
and M;; for (i,j) € Q 2. XM= XF —nPq (XkaT— M)X* i Feasible pace o1
n=4r=1s=28 'k
ViX®) Loose global convergence analysis!

5. Local Convergence Analysis - Preliminaries

2. Motivation

. . . . . . Movies
* Rank-r eigendecomposition of M I 2+T >
d  Maximum likelihood estimation of covariance | s g pM o . U € R™ is a semiorthogonal matrix P = PP, = (I — Py, ®Py, )22
matrices in Gaussian graphical models / e s =0y I * L €R"™" isadiagonal matrix * Integrating structural constraints H = P(l> — n(M®M)STS)P
_ 1 — T, It — n
® | | 2| > )
| | | | IR r=18=5 * Projection onto the null space of M ek+1 _ PAPek L0 (HBRHZ)
(d Density matrix completion in quantum state I T e Py =1, —UUT 2
. . N B , S
tomography e :|:]: BM+E)—M= E—Fy EFy, + O(lIENIZ) T
I
l’ * Vectorization of the projection onto the tangent plane VE.(M)-E
of the set of rank-r matrices at M .
: : \,
matrices in finance and risk management phn g 2 | ? | 4 If p(H) < 1, then tEerOeTemsts a neighborhood V' (M) i A’QA o - ||E';||F0
Pl s 2 | 2 | 2 . N .
o e ; B * Vectorization of the projection onto the set of such that for any X kX < > NSM)'H k © \\ +”Ak 0"2
' — . _I 10 symmetric matrices le*[l = Clle®llp i) 10" g "0"”2 o K|
. . . . r=1,8= : N e e || 2
[ Solving non-symmetric case using symmetric | * | “f° "¢ . for some numerical constantC > 0. | L La
Pl 2| 2 | @ fuEalwed 2 L2 + T E+E"\ ol | | | RS | ]
case via semidefinite lifting > 2|2 2]2 12> =7 E— vec| —— | = Pavec(E) T e e w0 awe

3. Existing Approaches 6. A Recursion on the Error

* Recall the GD update
J Local convergence analysis recovers the exact rate of linear convergence of GD
T _ . .
Xkt = xk —npg (X"X" — M) Xk MoOM = ML, +1,8M for matrix completion.
Approach Problem formulation Existing algorithms ooT — |
S € RSX1", -
Linearl trained Iterative soft thresholding, i.e., SVT [4] Let EX = X% Xk — M be th . {”QC(PQ(E)) = §"Svec(E) A Integrating structural constraints is the key to obtain the convergence rate for
inearly-constraine - M. = erative so resholding, i.e., , . — — i i i i
nuclear norm minimization | zekallZll-s-t (;;JZU Myl=0 | oo (5] CGD [6] et @ the error matrix constrained nonlinear difference equations.
2
| . — = EK*1 = EX — (Po(E¥)M + MPo(E¥)) + 0 (||E¥|) - . . .
Rank-constrained |east min Z (Z;; — M;;)” s.t.rank(Z) < r | 'terative hard thresholding, i.e., SVP [7], 7 “( ) Q( ) H H1“‘ It is interesting to extend the analysis to the non-symmetric case and make
squares ZER™WM 4 NIHT [8], Accelerated IHT [9,10] : .
(L)€ connection to existing works on the global convergence.
2 - - * Let e® = vec(E®) be the error vector
) . min ¥xTY.. — M. . Gradient descent [11,12], projected B B
Low-rank factorization nin (i;n(( )ij U) aradient descent [13] Av =vforallvst. Sv =0
: k+1 _ T ¢\ k k|| .
= e = Iz —n(M@®M)S"S)e* + 0 (He Hz) = p(A) =1 Check our full paper at https://arxiv.org/abs/2102.02396
| | | Further results on local convergence analysis at https://trungvietvu.github.io/
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