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Symmetric Matrix Completion Problem (SMCP)

5 5 * Positive semidefinite (PSD) rank-r matrix M € R™*"
e M =XXT, where X € R™"
* Sampling set () with cardinality
? ? ?
e ()is symmetric!
? ?
find MU for (l,]) € QO°
? given rank(M) <r
and MU for (l,]) € ()




Applications

* Maximum likelihood estimation (IMILE)
of covariance matrices in Gaussian
graphical models [1]

* Density matrix completion in quantum
state tomography [2]

* Low-rank approximation of correlation
matrices in finance and risk
management [3]

Schéafer, Juliane, and Korbinian Strimmer. "Learning Large-Scale Graphical
Gaussian Models from Genomic Data." In AIP Conference Proceedings, vol.
776, no. 1, pp. 263-276. American Institute of Physics, 2005.



Rectangular Matrix Completion as SMCP

e Rectangular (non-symmetric) matrix completion

e A € R™"*X"2 hasrank r

e A=YZT, whereY € R™MX" 7 € R"2X"

Q=3

e Semidefinite lifting

« X = [g] € R™7", wheren = n; + n,

Yy’
"

e M also has rank r

e M =XXT =
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Existing Approaches

Approach

Problem formulation

Existing algorithms

Linearly-constrained
nuclear norm minimization

|Zij — M| =0
(LDea

min ||Z]|. s.t.
ZeRTLXTL

lterative soft thresholding, i.e., SVT [4],
APG [5], CGD [6]

Rank-constrained least

min

2 (Zl] — Mij)z S. t. rank(Z) <r

Iterative hard thresholding, i.e., SVP [7],

7 Rnxn
squares € ‘e NIHT [8], Accelerated IHT [9,10]
2 .
) o min E ((XXT)_, _M.. [11,12], projected
Low-rank factorization Lt ij u) aradient descent [13]

(i,))eq




Gradient Descent (GD) for SMCP

* SMCP as unconstrained non-convex optimization

Zi; it (2,7) € €,
0 otherwise.

1
i, IPaCOT = MIE Pz - |

\ J

f(X)

Algorithm 1 (Non-convex) Gradient Descent
Input: X°, Pa(M),n
Output: {X*}

1: fork=0,1,2,...do

2 XFH = X P (XPXE - M) X*

( J

VF(X")




Convergence Analysis of GD for SMCP

* Most focus on global guarantees

e Standard assumptions:
* M is u-incoherent
e ()is a uniform sampling

* (Maet. al.’s result [12]) If s = O(u3r3n log3n), then w.h.p GD with spectral
initialization converges globally at linear rate

Large condition number k implies a loose bound on the linear rate!



Contribution

* We studies the local convergence of GD for SMCP

* We establish a deterministic condition on M and () for
linear convergence
* Do not require standard assumptions
* Do not require asymptotic regime

sf Q A (B,
10 A k 0
: . ) QZ\ -8 A" ¢,
* We provide the exact linear rate in closed-form ol 9 s [, |
: : Il pED¥|
* Tighter than the global bound in [12] | QAE L

* Match well the convergence behavior in practice 0 0001000100 20002500 3000



Preliminaries

Rank-r eigendecomposition of M

M = UsUT ———>

Projection onto the null space of M

Py, =1,-UU"

Vectorization of the projection onto the tangent plane
of the set of rank-r matrices at M

P, =1,2— Py, QPy, —————>

Vectorization of the projection onto the set of
symmetric matrices

L2+T
p, = nzz n2

—————>

« U € R™7 is a semi-orthogonal matrix
« XY € R"*" is a diagonal matrix

P.(M+E)—M =E — Py EPy, + O(||E||2)

\ J
I

VP.(M)-E

vec(E — Py EPy, ) = Pyvec(E)

E+E"
vec > = P,vec(E)



A Recursion on the Error

e Recall the GD update

Xk+1 = x* —npy (Xkx*" - M) X*
e Let E* = X*X*" — M be the error matrix
= EK*1 = % —n (Po(EX)M + MPo(EX)) + 0 (||E*|)7)
* Let e® = vec(E¥) be the error vector

= ek+1 = (Inz — U(M®M)STS)ek +0 (“ekui)

MOM = M®I, + [, QM

SST =1,

A § € R vec(Po(E)) = STSvec(E)



Convergence of Nonlinear Difference Equations

"1 = Aek + 0 ([le¥]))

* Polyak’s result [14]:
o If ||Ak|| < c(e)(p + €)* for p < 1 and any € > 0, then for sufficiently small ||e°]|:
le¥|| < c(@lle®li(p + e)*

* Vu and Raich’s result [15]:
* Let p = p(A) be the spectral radius of A. If p < 1, then for sufficiently small ||e

le¥|| < K (o, lle®IDle®]lp*

°II:

- Can we apply the result directly to show the linear convergence of GD for SMCP?
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Structural Constraints on the Error

Structural properties of the error matrix Structural properties of the error vector

E=XXT-M e = vec(E) = vec(XXT — M)
1. E=ET 1. e = Pye
2 BB =mrE ) 2 emresofiel?)

* where P. is the projection onto the set of 3 Negligible effect

rank-r matrices

| = e =P, Pye + 0(|lell3)
3. M + E is PSD S

P

K
Feasible space of e




Determining the Linear Rate

In2+Tn2
. _ P =PP,=(l,2— Py, ®Py,) -
* Integrating structural constraints H = P(I» — n(M®M)STS)P
n
2
ektl = pAPe* + 0 (Hekuz)
\_Y_J
H
[Theorem 7
i A
If p(H) < 1, then there exists a neighborhood V' (M) of “QA A [EY).
such that for any X°X°" € " (M): " ® —8 A" e,
le¥|| < Clle®llp(H)¥ 10"“i A@.& @~ JHE &
for some numerical constant C > 0. Q& (S
10"25 ! | ‘ . '
0 500 1000 1500 2000 2500 3000
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Conclusions

* Local convergence analysis recovers the exact rate of linear
convergence of GD for SMCP.

* Integrating structural constraints is the key to obtain the convergence
rate for the nonlinear difference equation on the error.

* It is interesting to extend the analysis to the non-symmetric case and
make connection to existing works on the global convergence.
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Thank youl!

Check our full paper at https://arxiv.org/abs/2102.02396

Further results on local convergence analysis at https://trungvietvu.github.io/
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