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Abstract

In many iterative optimization methods, fixed-point theory enables the analysis of
the convergence rate via the contraction factor associated with the linear approxima-
tion of the fixed-point operator. While this factor characterizes the asymptotic linear
rate of convergence, it does not explain the non-linear behavior of these algorithms
in the non-asymptotic regime. In this letter, we take into account the effect of the
first-order approximation error and present a closed-form bound on the convergence
in terms of the number of iterations required for the distance between the iterate and
the limit point to reach an arbitrarily small fraction of the initial distance. Our bound
includes two terms: one corresponds to the number of iterations required for the lin-
earized version of the fixed-point operator and the other corresponds to the overhead
associated with the approximation error. With a focus on the convergence in the sca-
lar case, the tightness of the proposed bound is proven for positively quadratic first-
order difference equations.

Keywords Non-linear difference equations - Asymptotic linear convergence -
Convergence bounds - Fixed-point iterations

1 Introduction

Many iterative optimization methods, such as gradient descent and alternating pro-

jections, can be interpreted as fixed-point iterations [1-4]. Such methods consist of
the construction of a series {x®}* ' C R" generated by
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X = Fx®), )

where the fixed-point operator F is an endomorphism on R”. By the fixed-point
theorem [5-7], if the Jacobian of F is bounded uniformly, in the matrix norm || - ||,
induced by the Euclidean norm for vectors || - ||, by p € (0, 1), the sequence {x® Yoco
generated by (1) converges locally to a fixed-point x* of F at a linear rate p, i.e.,
lx® D — x*|| < p|lx® — x*| for all integer k. Assume that F is differentiable at x*
and admits the first-order expansion [8]

Fax®y = Foe*) + Tx® - x*) + g(x® — x),

where 7: R" — R" is the derivative of F at x* and ¢ : R" — R" is the residual
satisfying lim supg_q ||q(8)]|/||8]] = 0. Then, denoting the error at the k-th iteration
as 6% = x® — x* the fixed-point iteration (1) can be viewed as a non-linear but
approximately linear difference equation

8D = 78Y) + (6. @)

The stability of non-linear difference equations of form (2) has been studied by Pol-
yak [1] in 1964, extending the result from the continuous domain [9]. In particu-
lar, the author showed that if the spectral radius of 7', denoted by p(7), is strictly
less than 1, then for arbitrarily small ¢ > 0, there exists a constant C({) such that
16X < CONBDN(p(D) + &)X with sufficiently small ||6? . While this result char-
acterizes the asymptotic linear convergence of (2), it does not specify the exact con-
ditions on how small [|6?| is as well as how large the factor C(¢) is.

This letter develops a more elaborate approach to analyze the convergence of (2)
that offers, in addition to the asymptotic linear rate p(7), both the region of con-
vergence (i.e., a set S such that for any 8” € S we have lim,_, 16%]| = 0) and
a tight closed-form bound on H(e) defined as the smallest integer guaranteeing
16% || < ]| for 0 < e < 1 and all k > H(e). We begin with the scalar version
of (2) in which the residual term g(6) is replaced with an exact quadratic function
of 6 and then extend the result to the original vector case. In the first step, we study
the convergence of the sequence {a,}°, C R, generated by the following quadratic
first-order difference equation

oo
k=0

Ay = Pay + 61027 3)

where a; > 0,0 < p < 1, and g > O are real scalars. In the second step, we consider

the sequence {a;};°, obtained by (3) with p = p(7) and g = supscp. ”ﬁ;ﬁln as an

upper bound for the sequence { ||6©|| Y- In this letter, we focus on the former step
while the latter step is obtained using a more straightforward derivation.

In analyzing the convergence of {q,};? , we focus on tightly characterizing
K(e) (for 0 < € < 1), which is defined as the smallest integer such that g, < eq
for all kK > K(¢). The value of K(e) serves as an upper bound on H(e). When

" || - || denotes the Euclidean norm.
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g =0, (3) becomes a linear first-order difference equation and {a,}?  converges
uniformly to O at a linear rate p. In particular, a,,, = pa, implies a, = a,p* for
any non-negative integer k. Then, for ¢ = 0, an exact expression of K(¢) can be
obtained in closed-form as

_ [log(1/e)
4= [igazm |

When g > 0, the sequence {g,};?, either converges, diverges or remains constant
depending on the initial value a:

4)

L. Ifay > (1 = p)/q, then {q;}2  diverges.
2. Ifag=(0-p)/gq,thena, = (1 —p)/qforallk € N.
3. Ifay <(1-p)/q,then{a,}?  converges to 0 monotonically.

We are interested in the convergence of the sequence {q;}? for ay < (1-p)/q.
In the asymptotic regime (a, small), the convergence is almost linear since the
first-order term pa, dominates the second-order term qaz. In the early stage (a,
large), on the other hand, the convergence is non-linear due to the strong effect
of qai. In addition, when p — 0, one would expect {q, };2 ; enjoys a fast quadratic
convergence as qaz dominates pa,. On the other end of the spectrum, when p — 1,
we observe that the convergence is even slower than linear, making it more chal-
lenging to estimate K(e).

2 Asymptotic convergence in the scalar case

In this section, we provide a tight upper bound on K(¢) in terms of a,, p, g, and
€. Our bound suggests the sequence {q,};2  converges to 0 at an asymptotically
linear rate p with an overhead cost that depends on only two quantities: p and
apq/(1 — p). Our main result is stated as follows.

Theorem 1 Consider the sequence {ay )2, defined in (3) withay > 0,0 < p < 1, and
q > 0. Assume that a, < (1 — p)/q and denote v = ayq/(1 — p) (Where 0 < 7 < 1).
Then, for any 0 < € < 1, the smallest integer, denoted by K(€), such that a, < ea for
all k > K(€), can be bounded as follows

log(1/¢) AT
K(e) < Toa(1/p) + c(p, 7) = K, (e), 5)
where
clp7) = —L_AE, (1og — L o 1) +b(p, 7), ©)
plog(1/p) p+t(l—0p) p

AE,(x,y) = E\(x) — E;(y), E,(x) = fx°° e—:dt is the exponential integral [10], and
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Fig. 1 (Left) Contour plot of the bound on asymptotic gap between Ez(e) and K(e), given in (8). (Right)
Log-scale plot of K(¢) and its bounds as functions of 1 /¢, with p = 0.9 and 7 = 0.89. Three zoomed plots
are added to the original plot for better visualization

1 log(1/p) >
bioty = L1 1.
(p.7) 2p Og<log(1/(l)+f(1 -p)) * @

Moreover, the gap Ez(e) — K(€) is upper-bounded asymptotically as follows>
1 1 1 1
AEI (210g m, 210g ;) - pAEl (log m, log ;)
2p?log(1/p)

tim(Ky(e) - K(©)) <

+ b(p, 7).

(®)

The proof of Theorem 1 is given in Appendix A. The upper bound fz(e), given

in (5), is the sum of two terms: (i) the first term is similar to (4), representing the
asymptotic linear convergence of {a, };? ; (i) the second term, c(p, 7), is independ-
ent of €, representing the overhead in the number of iterations caused by the non-
linear term qaz. This overhead term is understood as the additional number of itera-
tions beyond the number of iterations for the linear model. As one would expect,
when a, — (1 — p)/q, we have = — 1 and c(p, 7) approaches infinity. On the other
hand, when 7 — 0, the gap from the number of iterations required by the linear
model c(p, ) approaches 1. The right hand side (RHS) of (8) is an upper bound on
the asymptotic gap between our proposed upper bound on K(e) and the actual value
of K(e) and hence represents the tightness of our bound. The value of the bound as
a function of p and 7 is shown in Fig. 1 (left). It is notable that the asymptotic gap
is guaranteed to be no more than 10 iterations for a large portion of the (p, 7)-space.
It is particularly small in the lower right part of the figure. For example, for p > 0.9
and 7 < 0.9, the gap is no more than 4 iterations. Figure 1 (right) demonstrates dif-
ferent bounds on K(e) (blue dotted line) including K,(¢) (green solid line). We refer

2 A tighter version of the upper bound Ez(e) is given in Appendix A, cf., (A8) and (A10).
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the readers to Appendix A for the details of other bounds in the figure. We observe
that the upper bound K,(e) approaches K(¢) as e — 0, with the asymptotic gap of
less than 2 iterations. On the other hand, K,(e) reaches c(p, 7) ~ 25 as € — 1, sug-
gesting that the proposed bound K,(¢) requires no more than 25 iterations beyond
the number of iterations required by the linear model to achieve a, < eq,.

3 Extension to the vector case

We now consider an extension of Theorem 1 to the convergence analysis in the vec-
tor case given by (2). More elaborate applications of the proposed analysis in con-
vergence analysis of iterative optimization methods can be found in [11-14].

Theorem 2 Consider the difference equation
84D = T80 + q(8), ©

where T € R™" admits an eigendecomposition T = QAQ™", Q € R™" is an invert-
ible matrix with the condition number x(Q) = ||0||, l0~! l,, and A is an n X n diag-
onal matrix whose entries are strictly less than 1 in magnitude. In addition, assume
that there exists a finite constant q > 0 satisfying ||g(S)|| < q||8||* for any 6 € R".
Then, for any 0 < € < 1, we have 16°) < €||6(0)||pr0vided that

1—p(D) log(1/¢) + log(x(Q)) ax @2l IQ” 8|

8V < ——"and k > T), ,

1800 < Zgr ™= gy VD T )
(10)

where c(p, T) is given in (6). Moreover, if T is symmetric, then (10) becomes
1= p(T) log(1/e) qll8”|
(0) o7

1871 < == and k > = s +c<p(T), 1—p(T)>' a1

Note that the RHS of the inequalities involving & in both (10) and (11) serve as
upper bounds to H(e) defined in the introduction. Moreover, the sets of all 5 that
satisfy the inequality involving 8 in both (10) and (11) offer valid regions of con-
vergence. Similar to the scalar case, we observe in the number of required iterations
one term corresponding to the asymptotic linear convergence and another term cor-
responding to the non-linear convergence at the early stage. When T is asymmet-
ric, there is an additional cost of diagonalizing T, associated with x(Q) in (10). The
proof of Theorem 2 is given in Appendix B.

4 Conclusion
With a focus on fixed-point iterations, we analyzed the convergence of the

sequence generated by a quadratic first-order difference equation. We presented
a bound on the minimum number of iterations required for the distance between
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the iterate and the limit point to reach an arbitrarily small fraction of the initial
distance. Our bound includes two terms: one corresponds to the number of itera-
tions required for the linearized difference equation and the other corresponds to
the overhead associated with the residual term. The bound for the vector case is
derived based on a tight bound obtained for the scalar quadratic difference equa-
tion. A characterization of the tightness of the bound for the scalar quadratic dif-
ference equation was introduced.

Appendix A: Proof of Theorem 1
First, we establish a sandwich inequality on K(¢) in the following lemma:

Lemma 1 For any 0 < e < 1, let K(e) be the smallest integer such that for all
k > K(e), we have a, < eay. Then,

K(e) 2 F(log(1/€)) < K(e) < F(log(1/e)) + b(p,7) 2 K(e), (AD)
where b(p, 7) is defined in (7) and

1
—log(p +7(1 - p)e—x) .

Fx) = / f@dr  with  f(x) = (A2)
0

The lemma provides an upper bound on K(e). Moreover, it is a tight bound
in the sense that the gap between lower bound K(e) and the upper bound K(e)
is independent of €. In other words, the ratio K(¢)/K(e) approaches 1 as € — 0.

Next, we proceed to obtain a tight closed-form upper bound on K(¢) by upper-
bounding F(log(1/¢)).

Lemma 2 Consider the function F(-) given in (A2). For 0 < € < 1, we have

1 1
log(1/¢) AE, (log p+r(1=p)’ log p+€r(l—p))

F(log(1/€)) < 2 F,(log(1/e))

log(1/p) plog(1/p)
(A3)
AE (106 —1— 1og L
tog1/0)_ AB(log i oe ) (Ad)
= = F,(log(1
~ log(1/p) plog(1/7) 2 (log(1/e))
and
F(log(1/€)) > F, (log(1/e)) — A(e) & F, (log(1/e)), (AS)
where
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AE,(21log ——,2log

——, — pAE, (log ——,log ——)
A(e) A p+t(1-p)

1
p+r(l-p)e ) ptt(1—p)’ p+r(1-p)e

2p*log(1/p)

(A6)
Lemma 2 offers two upper bounds on F(log(1/¢)) and one lower bound. The first
bound F(log(1/¢)) approximates well the behavior of F(log(1/e€)) for both small
and large values of log(1/¢). The second bound F,(log(1/€)) provides a linear bound
on F(log(1/¢)) in terms of log(1/e). Moreover, the gap between F(log(1/¢)) and
F,(log(1 /€)), given by A(e), can be upper bound by A(0) since A(-) is monotonically
decreasing for € € [0, 1). While F(-) asymptotically increases like log(1/¢)/log(1/p),
the gap approaches a constant independent of e. Replacing F(log(1/¢)) on the RHS of
(A1) by either of the upper bounds in Lemma 2, we obtain two corresponding bounds
on K(e):

K, (e) 2 F,(log(1/€)) + b(p,7) < F,(log(1/€)) + b(p,7) 2 Ky(e), (A7)

where we note that Ez(e) has the same expression as in (5). Moreover, the tightness
of these two upper bounds can be shown as follows. First, using the first inequality
in (A1) and then the lower bound on F(log(1/¢)) in (AS), the gap between K, (¢) and
K(e) can be bounded by

K\ (e) — K(e) < K,(e) — F(log(1/e))
<Ki(©) ~ (F\ (1og(1/e)) = A(e))

= (Fi((1og(1/)) + (s, 7)) = (F, (tog(1/€)) - Ace)

= A(e) + b(p, 7)
< A0) + b(p, 1), (A8)

where the last inequality stems from the monotonicity of A(-) in [0, 1). Note that the
bound in (A8) holds uniformly independent of €, implying K (¢) is a tight bound on
K(e). Second, using (A7), the gap between K, (¢) and K(¢) can be represented as

K,(e) — K(e) = (K (e) — K (e)) + (K, (e) — K(e))
= (F,(log(1/¢)) — F, (log(1/€))) + (K,(e) — K(e))
< (Fy(log(1/€)) = F, (log(1/€))) + (A©) + b(p, 7)),  (A9)

where the last inequality stems from (AS8). Furthermore, using the defini-
tion of F,(log(1/€)) and F,(log(1/¢)) in (A3) and (A4), respectively, we have
lim,_,(F,(log(1/€)) — F;(log(1/€))) = 0. Thus, taking the limit ¢ - 0 on both
sides of (A9), we obtain

lim(K5(e) = K(e)) <A©) + b(p. 7). (A10)

We note that fz(e) is a simple bound that is linear in terms of log(l/e) and
approaches the upper bound K,(e) in the asymptotic regime (e — 0). Evaluating
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A(0) from (A6) and substituting it back into (A10) yields (8), which completes our
proof of Theorem 1. Figure 1 (right) depicts the aforementioned bounds on K(e).
It can be seen from the plot that all the four bounds match the asymptotic rate of
increment in K(e) (for large values of 1/¢). The three bounds K(e) (red), K(e) (yel-
low), and K (¢) (purple) closely follow K(¢) (blue), indicating that the integral func-
tion F(-) effectively estimates the minimum number of iterations required to achieve
a, < eay in this setting. The upper boundKz(e) (green) forms a tangent to K (e) at
1/e - o (i.e.,e > 0).

Appendix A. 1: Proof of Lemma 1

Let d;, = log(ay/a;) for each k € N. Substituting @, = ay,e~% into (3), we obtain the
surrogate sequence {d } 2
diyy = di —log(p+7(1 - p)e™), (Al1)

where dy = 0 and 7 = qyq/(1 — p) € (0,1). Since {;};?  is monotonically decreas-
ing to 0 and d; is monotonically decreasing as a function of a,, {d,};2,, is a mono-
tonically increasing sequence. Our key steps in this proof are first to tightly bound
the index K € Nusing F(dy)

F(dK)SKSF(dK)'f'ilOg(L) (A12)
2p log(p + 7(1 = p))

and then to obtain (A1) from (A12) using the monotonicity of the sequence {d; };2,
and of the function F(-). We proceed with the details of each of the steps in the
following.

Step 1: We prove (A12) by showing the lower bound on K first and then showing
the upper bound on K. Using (A2), we can rewrite (All) as d,,, =d, + 1/f(d}).
Rearranging this equation yields

fd)(dyy —dp) = 1. (A13)

Since f(x) is monotonically decreasing, we obtain the lower bound on K in (A12) by

dy k-1 rqy,,
Fdg= [ f@d=) | fdx
0 k=0 J dy
diyy k-1
k o TR kzof(d")(d"“ S=k (AL4)

where the last equality stems from (A13). For the upper bound on K in (A12), we
use the convexity of f(-) to lower-bound F(dy) as follows
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K- dk+] k-1 ]
CREDY /d feodx> Y /d f(d) +f'(@d)x ~ dy))dx
k= k k=0 k
K-1 1
= d)d,., —d)+ =f'(d)d,., —d)*).
kzZ()(f( ACREARETLCACETAY A1)

Using (A13) and substituting f’(x) = (f(x))zM into the RHS of (A15), we

p+t(1
obtain

K-1 4

F(dK)ZK—lz wd = pe”

e (A16)
2 & p+1(l = pleh

Note that (A16) already offers an upper on K in terms of F(dy). To obtain the upper
bound on K in (A12) from (A16), it suffices to show that

K-1
1—ple % 1 lo
S p+tl—ped ™ p “\log(p+(l-p)

In the following, we prove (A17) by introducing the functions

) = (1= p)e™ 1
8 p+1(l = ple™ —log(p + (1 — p)e*) (A18)
and
_ [ _ . (log(p+ (1 = p)e™)
6w = | s =toe( LTS (A1)

Note that g(-) is monotonically decreasing (a product of two decreasing functions)
while G(-) is monotonically increasing (an integral of a non-negative function) on
[0, ). We have

dg K-l edy, k1
G(dy) = / gdr = ) / gO0)dx > Z / g(dy,dx
0 k=0 di

K-1

g(dk+1)
= d d.,—d)=
& 8(dyy 1 )(dpyy i) ; <(d,)

(A20)

8(d)(dyyy — dp).

Lemma3 Foranyk € N, we have g(d,,,)/g(d,) > p.

Proof For k€N, let t,=p+17(l—ple% € (p,1). From (All), we have
t, = e~ Uin=dd) and
Ly =p+t(l = pe~%+ = p+ (1 — ple~%e= G = p 4 (t, — p)t,. Substituting
d, for x in g(x) from (A18) and replacing p+ (1 — p)e~% with ¢, yield
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_ t(1—pe%
g(dk) - I —IOg(t )

ratio between g(d,, ;) and g(d,), we obtain

Repeating the same process to obtain g(d,, ;) and taking the

g(dk+1) _(dk . d) log(tk)

A21
8(dy) tk+1 log(ti1)” (A2b
Substituting e=@+174%) = ¢, and t,,; = p + (1, — p)t, into (A21) yields
d 2 log(t,)
8(dyy1) _ k k (A22)

gdy)  (p+ (G = loglp + (4, — pty)

We now continue to bound the ratio g(d,,;)/g(d,) by bounding the RHS. Since

—p>0andr <1, we have t, — p > (t, — p)t, and hence 1, /(p + (#, — p)t,) > 1.

Thus in order to prove g((2“) > p from the fact that the RHS of (A22) is greater or
k

equal to p, it remains to show that

1 log(r) A3
tog(p+ (4 — p)) (A2
By the concavity of log(+), it holds that

log(tﬁl + t"t;pt) > tﬁlog(l) + l"t;” log(s,) = (1 — lﬂ)log(tk) Adding log(z,) to both
k k k k k

sides of the last inequality yields log(p + (¢, — p)t;) > (2 — )log(tk) Now using the
fact that (\/p/t, — \/t,/p)* > 0, we have 2 — p/t, < t,/p. By this inequality and the
negativity of log(#,), we have log(p + (t, — p)t;,) > k log(tk) Multiplying both sides

by the negative ratio p/log(p + (#, — p)t,) and adJustlng the direction of the inequal-
ity yields the inequality in (A23), which completes our proof of the lemma.

Back to our proof of Theorem 1, applying Lemma 3 to (A20) and substituting
diyy —di = —log(p + (1 - p)e~%) from (A11) and g(d,) from (A18), we have

K-1 K-1

_ (1 — p)e~%
Gldy) > k; P )(dyyy — dy) = p ; PR, (A24)

Using the monotonicity of G(-), we upper-bound G(dy) by

log p >
log(p + 7(1 = p))/°

Thus, the RHS of (A24) is upper bounded by the RHS of (A25). Dividing the result
by p, we obtain (A17). This completes our proof of the upper bound on K in (A12)
and thereby the first step of the proof.

Step 2: We proved both the lower bound and the upper bound on K
in (A12). Next, we proceed to show (Al) using (Al2). By the definition
of K(e), age <eay<age-,- Since d; =log(ay/a;), for k€N, we have
dg(e)-1 < log(1/€) < dg(,)- On the one hand, using the monotonicity of F(-) and sub-
stituting K = K(e) into the lower bound on K in (A12) yields

G(dy) < G(oo) = log (A25)

@ Springer



A closed-form bound on the asymptotic linear convergence of...

F(log(1/€)) < F(dy(,) < K(e). (A26)

On the other hand, substituting K = K(¢) — 1 into the upper bound on K in (A12),
we obtain

K(G)—lSF(dK(‘)_|)+L10g<IO¢>. (A27)
¢ 2p log(p + 7(1 = p))

Since F(-) is monotonically increasing and dg.,_; <log(l/e), we have
F(dk)-1) < F(log(1/€)). Therefore, upper-bounding F(d,-,) on the RHS of
(A27) by F(log(1/¢€)) yields

1 log p
K(e) < F(log(1 —log[ ——=F ) +1.
(e) < F(log( /e))+2p 0g<log(p+r(l_p))> + (A28)

The inequality (A1) follows on combining (A26) and (A28).

Appendix A. 2: Proof of Lemma 2

Letv = (1 — p)/p. We represent f(x) in the interval (0, log(1/¢€)) as

1
— log(p +7(1 - p)e—x)
_ 1 4 1 log(1 + ve™)
~log(1/p)  log(1/p) log(1/p) —log(l + ve™)’

Then, taking the integral from O to log(1/¢) yields

Jx) =

log(1/€) —t

F(log(1/e)) = ——— <10g(1/€) + / log +ve™) dt).
log(1/p) o log(1/p) - log(1+ ve™)

(A29)

Using a(l —a/2)=a—-a*/2<log(l+a)<a, for a=ve'>0, on the
numerator within the integral in (A29) and changing the integration variable ¢ to
z =log(1/p) — log(1 + ve™), we obtain both an upper bound and a lower bound on

the integral on the RHS of (A29)

==t _ Ltz _ € _
l /z e 2p€ (e P)dZ < /log(l/ ) log(1 + ve D)
4 0

: Tog(1/p) — Tog(1 + ve) " 30)

7
sl/ ¢ iz,
P, z

where z = —log(p + 7(1 — p)) and z = —log(p + e7(1 — p)). Replacing the integral
in (A29) by the upper bound and lower bound from (A30), using the definition of
the exponential integral, and simplifying, we obtain the upper-bound on F(log(1/¢))
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given by l?] (log(1/€)) in (A3) and similarly the lower bound on F(log(1/¢)) given

by F,(log(1/¢)) in (AS). Finally, we prove the second upper bound in (A4) as
1

follows. Since E,(-) is monotonically decreasing and m < o we
have E (log —— p+ET(1 ) > E,(log ) which implies
AE,(log ,log L) < AE,(log —— log ) Combining this with the

p+T (l_p) pret(1—p) ptT (1

definition of F(log(1 /€) and F 2(log(l /€)) in (A3) and (A4), respectively, we con-
clude that F,(log(1/€)) < F,(log(1/¢)), thereby completes the proof of the lemma.

Appendix B: Proof of Theorem 2

Let5" = 0 '6® be the transformed error vector. Substituting 7(6*) = QAQ ™" (6%)
into (2) and then left-multiplying both sides by @', we obtain

5D = A8Y + 3™, (B1)

gk _ 2k . e _ 2k .
where 3(3") = 0'q(08") satisfies 123" < qll@™"I.1QI218" 7. Taking the
norm of both sides of (B1) and using the triangle inequality yield

181 < 1A8° ) + 1™l
%(k) - %(k)
< IAILN871 +qlle~ L I1Q115118 711
Since [|A[l, = p(7), the last inequality can be rewritten compactly as
2(k+1) (k) ~ 11 &)
18571 < o871+ g8 1%, (B2)

where p = p(T)and 7 = gllQ”" I, 11Q113.
To analyze the convergence of {|| o let us con51der a surrogate sequence

{adey CR deﬁned by a,,, = pa; +qa with ay = ||6 || We show that {a;}*
upper- bounds{||6 ||}k_0, ie.,

“)u}

k=0

189 <a, VkeN. (B3)

The base case when k = 0 holds trivially as a, = ||6( )|| In the induction step, given
||6 || < a, for some integer k > 0, we have

Z(k+1) 20 = ®) .
18771 < P71l + g8 I1* < pay + Ga; = -

By the grlnmple of induction, (B3) holds for all k € N. Assume for now that

||6 || < (1 - p)/g, then applying Theorem 1 yields a; < éa, for any € > 0 and
1nteger k >log(1/€)/log(1/p) + c%o 7). Using (B3) and setting € = ¢/ (Q), we fur-
ther have 8| < a, < éay = €l|8|I/k(Q) for all

(B4)

log(1/€) + log(x(Q)) 7137|
=T Tog(1/p) (0 =)
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A closed-form bound on the asymptotic linear convergence of...

Now, 1t remams to prove (i) the accuracy on the transformed error vec-
tor ||6 || < e||6 || is sufficient for the accuracy on the original error vector

161 < e||6©||; and (i) the initial condition ||6P || < (1 — p)/(gx(Q)?) is sufficient
for ||5(0)|| < (1 = p)/g. In order to prove (i), using ||3(k)|| < €||3(O)||/K(Q), we have

~(k %k
1591 = 108“ 1| < 11Q11,118“)

2(0) %(0) ©0)
< IIQ||2—||5 Il = —II5 I <ell&™1,
ol,1e7 1, 197"l
where the last inequality stems from |5 = |Q7'8|| < 101,116 To prove
(ii), we use similar derivation as follows
50 ©) _1-p
18711 < Q7,181 < 1e~"| =—.
? 2k (Q) (Q)2 q

Finally, the case that T is symmetric can be proven by the fact that Q is orthogonal,
ie., Q_1 =07 and k(Q) = 1. Substituting this back into (10) and using the orthogo-
nal invariance property of norm, we obtain the simplified version in (11). This com-
pletes our proof of Theorem 2.
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